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POSITIVE DEFINITENESS

• Asymmetric matrix A ⇒ A = AT (real symmetric matrix)

• Eigenvalues of symmetric matrices are always real and

eigenvectors can be chosen to be perpendicular

• For symmetric cases
, eigenvector matrix s is orthogonal

Corthonormal columns)

A-- {AS
-1

= snst = QNQT

spectrum

• Symmetric matrix : signs of pivots are signs of eigenvalues

POSITIVE DEFINITE MATRIX

° A symmetric real square matrix A is a positive
definite matrix if

i. All eigenvalues are positive
2- All pivots are positive
3. * ✗TAX > 0 (except origin)

4. All subdeterminants are positive (upper left)

(
' 4 I > 111 > o

" £ " ]

}
" "" °

I 4 2
,

I 4 are true
,

4 5
> °

matrix is
✓ positive

1 4 1 definite

4 5 4 SO

I 4 2



POSITIVE DEFINITE MATRICES 4 LEAST SQUARES

° Asymmetric matrix A is positive definite iff there is a

matrix R with independent columns such that

A = RTR

° LDU decomposition Cholesky Decomposition

A = LDU = LDLT = RTR

RTR = Lit TDLT

R = BLT RT = L 1%111%1
• Diagonal isatin

A = QNQT = RTR

R= A QT

Semi Definite MATRICES

• Subdeterminants can be 0 (singular)
• Eigenvalues z 0

• Pivot test not relevant [ insufficient pivots

• ✗TAX ? 0

• A = RTR ; R can have dependent columns



Qi . Find the symmetric matrix A which gives the quadratic
form

3×2- 2y2t 83cg - 5y2 t K2 -122

Assume A -- ( ah bh ¥ ) at Ax > o

g f

xtax --
c"

T "( ga tf ! ) f } )

= [ ax +

hytgzhxtbytfzgxtfytcz7.gg/--ax2thxytgzxthxy-
by't fzytgxztfyztcz

= ax2t2hxyt2gx2tby2t2f2y tcz
'

a =3 2h -- 8 2g = I 2f= -5
b -- -2 h = 4 g

-

- Yz f -- - 5/2
c
-
- I

a-- in :* :



Q2. Find the symmetric matrix A which gives the quadratic
form

5742+32122-12×32- 2412 +8×2×3+034713

a-- la; Ifl

eq = ax't by2tcz2 t Lfyzt 2gza t 2hay

a -- 5 27-8 2g
-

- O 2h = - I

b. =3 f-=4 g
-
-O h = -42

c -- 2

a-- ¥ ! )
03 . Find the symmetric matrix A which gives the quadratic
form

8×12-17222 - 3×32 - 63C ,Kzt 4247cg -24213

a-- fang.IE/eq:ax,2tbXz2tCKz2t2fxzxzt2gx3xit2hxiKz



a -_ 8 2f= -2 2g
-

- 4 2h -- - b

b - 7 f = - I g
-
- 2 h =-3

( =-3

a--HI !)
04. Find the symmetric matrix A which gives the quadratic
form

107,2 - 67422 - 3×22

A- fan has ]

XT AK

[ x plan 's] I

= [ ax thy hat by ] ( ay]
= ax't 2hxytby2
a-- to 2h -- -6 A -- [ If I} ]b. =-3 h =-3



05 . Compute the quadratic form KTAR for A

*

I :& :]
as "[4%3,9]%7
= 14×+3

y 3×+2512 y-12][§]
= 4K431g + 3xyt2y2tY2 -1 yz -122

= 4×2-1 2y2-122 -16kg -1 2yz

06. Check if A is positive definite or positive semi definite

D- =/
2 -l - l
- l 2 -1 )
- I - I 2

1 . All eigenvalues pos
2. All pivots positive
3. ✗TAX SO

4. Subdeterminants so



1- pivots
2 -1 -1

A =/- I 2 -1) R2→R""- Rj 0 312 -3/2 ]
- l - l 2

↳→Rztyzr, %
Rz→ Rz + Rz

12
I -1

0 3/2 -3/2]
0 0 ⑨

← not

value of 3rd pivot =O positive

i. cannot be positive definite

may be positive semi definite

2. Eigenvalues : IA - ✗ I 1--0

2-X - l - l
- l 24 - l
-l - l 2-X

-✗3+6×2 - (31-3+3) ,\ -12 (3) + (-2-1)-111+2)
- ✗3+6×2-9 ✗ = 0

-✗ (+2-6×+9)=0
- ✗ ( X - 3) (X

- 3) =O

✗ =o and ✗ =3



3. Subdeterminants

D
,
= 2 02=3 Dz =D

4
.
KTAR 70

Ix y 2112
-1 -1

→ a -111%1
- I - I 2

:[ 2x -

y-z-xtzy-z-x-y-22Tf.gg ]
2×2 - yx

- zrx -

xy -12g
'
- yz

- K2 -yz -1222

(x -g)2-1 Cy-2)
'
+ Cz - >c)

2
> 0

if x=y=2 , ✗TAX =O

i. semidefinite matrix



07
.
Check if positive definite

2 -1 0

A-- f- I 2 -1 ]
0
- I 2

1. Pivots

(
2 -1 0

, , ,
g) Rim-14,24/20 ¥2 I , )R3→Rs-143¥} 3-1,2 9)- I 2 -1

0 -1 2 0 0 43

2. Eigenvalues
2-✗ -1 0

-10 2-7 -1 = 0

- I 2-✗

- ✗3+6×2 - (3+4+37×+213) -11 C-2)

- ✗3+6×2 -10×+4--0

✗ 1--2 - V2 ,
✗2=2+V2

,
✗ 3=2

3. Subdeterminants

D ,
= 2 Dz= 1,2, -121 =3 Dz=4



4. XTAX 70 A = LDLT

⇐ L) DCLTX)

(E)c)TD (Ex )

U= (& §, )R→YzR
,

Rz-72/3 Rz
> [ to

-42 O

l -43 ]
Rz -73/4 Rz

0 0 I

0 0

E- ( &
"

% -0,43] , l -- :p 9)

⇐⇒ =L ! -471%1--1
"

?
"

]y - 2/32

CEXFD (Ex)
-

- [x-p is-43241%0%1%11
" - "
y
- 2132 ]
2

=[ x - yk y -2132 2) f ? ?!
"

312 ( y -2137 ]



21×-9/25 -1312cg -2/372+4/3125 > 0

i. positive definite

Qs . Check for positive definiteness and semi
definiteness.

A :[?
- l - l

2 -1 ]
- I - I 2 -1C

1. Pivot

A=(& ¥ ) Ri'RrtY2R,
2 - l - l

- l - l 2 -1C Rz→Rz+yzR ,
> [ 0 3/2 -3/2 )
0 -3/2 3/2-1C

Rz→RztRz
v

- I

1 : :312 -3,12]
for CLO

,

not semi definite

for CEO
,
not positive definite



2. Subdeterminants

D , = 2 D2 =

-2
, -12

=3

13=214 -12C -D -11 (-21-17-111-12)

= 6 -14C -3 - C -3

= 3C

not semi definite if c < 0

not positive definite if CEO

3. xTAx > 0

Ix y 2 ]

/ ?,
" -1

a -111%1- I - I 2 -1C

Cx y z ] (
2x -y

- z

-x -12g -Z
-X -y +

(2+02)
= 2×2 - Ky -Xz

-

xy + 2y2 - yz - R2 -yz + (2+022

= 2×2-1 2y2 + (Ltc) 22 -27cg - 2yz - 2×2



= Ex-y)'t Cz
'
-1 Cx- 2)

2
+ (y -2)

2
so

if c > 0
, positive definite

if CZO
,
semi definite

4- Eigenvalues IA -✗It -0

-✗3+16+0×2 - 14 -12C-1+4-12C-1+3)X -13C =O

- ✗3+16+0×2 - (4C + 9) ✗ +3C =D

- (X - 3) ( - (3+0×-1 (-1×2)

✗ g- 3

✗z=£( c2+2c -19 + C-13)

✗z=£fc2+2c -19 + C -13)

if c> 0
,
✗370

i. positive definite if c > 0

semi definite if CZO



99 .
Test for positive definiteness and write the corresponding
quadratic forms

ing, :] iii > 12 ;] " l ! , -13 ""

f! ! ;)
"

H :{ ]
""

fly
'

I 0 I

2 I 0

ing, :]
1- Pivot

[ 1

, f) m→R→Ri > [ f ?④]
✗ negative

i. not tve def

iii > [£ ?s ]
1. Pivot

[ -102 -2g] i. not positive definite

Liii > [ ! , Y ]
1- Subdeterminants : D ,

=/

Dz = 0

i. not tve def



"

EI :|
1- Pivot

(
2 -1 -1 P

,
= 1A , / = 2

-1 2 -1 )
-l - l 2 P

,
= IAI = Y÷ = 3-21AM

Pz = I,An¥y = 213>-11-241-111+232
3/2

= 0

i. not +ve definite

a)

(
3 2 0

]2 2 2

0 2 I

1. Pivot P
,
= 1All =3

R=Yh¥= ?

13--1,134 =3 (-27-212) =
-5

2

.
: not +ve definite



" i >

( 01212=(0,0171/012101) :A=( I ?
'

]I 0 1 2
21 0 2 I 0 2 I 0 I 2 5

1. Eigenvalues
-✗ I 2

113 / = l - X I

2 I
-✗

- +3+0×2 -1-1-4 - 1) ✗ + 0-11-2) -12=0

-✗3+6×+4=0

✗ = -2 ' tis = 4

✗ = Itb 7×13=4+253
✗ = I - V3 > ✗ 13--4-253

2. Pivots

P
,
:O > not +ve def



singular Value Decomposition

• Any mxn matrix A can be factored into

/ eigenvalues(diagonal)
A = UEVT
/ -

orthogonal
orthogonal symmetric

d
• The columns of Umxm are eigenvectors of AAT

AAT = V2 :[ijigtut-vzgtut-UES.tv't
- - -

• The columns of Vnxn are eigenvectors of ATA

ATA -- vet, ii.SVT = VETSVT -

- vets vt
- - -

'

• For positive definite matrices , E is A

° U Ee V give orthonormal bases for four fundamental

subspaces of A
- Column space : first r columns of U

- Row space : first r columns of V
- Left null space : last m-r columns of U
- Null space : last n-r columns of V

• For detailed explanation on cases , read LA unit 5- UEIS
. pdf , pg 4

Amxn = Umxm 8mm VT
nxn

orthonormal r singular values orthonormal

on diagonal



COMPUTE SVD for a MATRIX

case 1 : matrix A is a short matrix leg : 2×3)

1 . Find AAT (2×2)

2. Find eigenvalues of AAT : ti Ee da

3. Find corresponding eigenvectors x , Ee Xz

4. Normalise them to get u , 4 Uz such that

U=[u, U2] 2×2

5. Find singular values if = Fl, Eg Oz = TE such that

Cd
,
> dz)0=[91%8]*3

6 . No need to find ATA
. Eigenvalues of ATA are ×

, , dz
and 0

7. Use formula Vi = AT Ui or ✓it = UFA and find you v2

Oi Oi

8. Find v3 using orthogonality (vz is orthogonal to v, Ee V27

f. Vivi ] / x ) :[ f) v3-- normalised

null space

9. Matrix ✓= [V1 V2 V3] 3×3



10
.
Write A= UEVT

Eg : SVD of A=[ 3 2 2

23 -2)
2×3

n-at-p.is:1/&:1--l::1
Eigenvectors of AAT are columns of U

Eigenvalues : 17-1 8

8 17 - y

= 0

X2-347+225=0
(7-2571×-9)=0 ⇒ ✗ 1=25 ✗2=9

is X --25

( 17-25 8

s " -ask;) :[ ;]

f-§ I ]R⇒R""> f-§ § ]
-

8x+sy=O ⇒ x=y

a- 11%1
di)X=9

1 : :X;] -1:]



iii. 1-1%1

u=fY,%
"

4%12×2
8=150 % 8)

2×3

vi. a:# =p; :X 't:] =/
'

¥1
5

"" =p; :/1¥:]
s =/¥5.4

-4/352

( Yrz Yrz 0

-113h yzrz -413h ] /Gg ) :[%)
Solving for v3 (Null space)

* 1%1213

Yrz -43K -213
✓=/ YVZ 43k 213

0 -413k y }
]



A = US VT

( 3 2 2 Yrz 0

2 3 -2) =/ 'V2
-Yrz

Yrz yrz ] /
5 O o

o 3 01/-41%2 ysrz - utsrz)
-2/3 2/3 43

case 2 : Matrix A is a tall matrix leg : 3×2)

1 . Find ATA (2×2)

2. find eigenvalues of ATA : ti Ee da

3. Find corresponding eigenvectors x , Ee Xz

4. Normalise them to get V , 4 V2 such that

✓ = [V1 ✓2)
2×2

5. Find singular values 0
,
-

-
Fi

, Eg Oz =I such that

Cd
,
> dz)oral

• =

I
*a

6 . No need to find AAT
. Eigenvalues of AAT are ×

, ,
✗z

and 0

7. Use formula Ui = A¥ and
find it

, 642

8. Find us using orthogonality



9. Find U= [U
, Uz Us]

10 . Write A = UEVT

case 3 : matrix A is a square matrix

1- Find if A-- AT Csymmetric) and then check if A is

positive definite

2. If A is positive definite
,
SVD is same as diagonalisatin

A = VENT = QNQT
t

eigenvector matrix
(orthonormal)

6 -2 - I

eg: A :|-2 6 - l
- l - l s

)
(using Gram- Schmidt process)

3. If A is not positive definite
,
find eigenvectors of AAT

( columns of U) and ATA (columns of V) .

4. Follow the steps to find U
,
G and V from

case 1 Ee case 2



010 . Find SVD for A = [5., g) large→ small eigenvalues

A = UEVT

ATA = ✓ ETE VT

ATA -

- [ 5s ;] /I ;)

-1% ¥
,
]
-

-
retort

eigenvectors ATA → columns of V

IATA -✗I / = 0

26 -X 18 = 0

18 74 -X

✗2- 100×+1924-324=0

✗2-100×+1600 = 0

(X-80) (d-203=0

4--20 112--80



eigenvectors
d) ✗ = 20

(ATA -20I)x = 0

18 ¥11;] :C :]
Rz→ Rz- 3R ,

1 :
"

:]
Let

y
-
- k

6×+181<=0
✗ = -3k

ñ={ 1-3;] ,
her } --14? ] >

KER }

unit vector I' = [-316yrio ]
Lin ✗ = 80

1-÷ :X;] -1 :]
✓
Rz→Rz+Y3R ,

f-§4 If ] let y=k



-542 -118k =D

✗ = Jk

E- { lefts ] ,
her }

unit vector -- 11¥. ]

✓= [ -3/Toyrio
'ko
31h0 )

AV = UE

(5 511-31%1,8)=08- I 7 Yrio

a. [
-10/Fo 20/No
10h0 201% ]

=

¥ [ If]

-
- roti :]

= riofyrz
'

try [ I 0

yrz yrz arz ]

=L:# ¥11T Fail



v. [
- yrz Yrs ] 8=[102%0]yrz Yrz

✓ = [ -3/To
yro ¥¥o ]

iii. Find SVD for A = [ 4g 3

,
]

AV = V8

symmetric
positive / ATA = ✓ get VT Sns

-1
= QNQT

semi

definite
↳

eigenvectors of ATA : V

ATA --14,8
,
]( 4s ? ]

:( 16+64 121-48 ]
12-148 9-136

= ( 80 60

60 45 )

eigenvalues
so -✗ 60

60 45 -y

= 0



✗2- 125×+3600-3600 = 0

✗(X - 1257=0

✗ , = 0 ✗2=125

eigenvectors
d) ✗ = 0

80 60[Go 4s ][¥,)
-

- l:]

✓

Ri Ra - 31412,

[ to 60

O o ]
let xz

= k

Sox
, -160k = 0

2C
,
= -3-4 K

"= luff ] ,
KER }

ii. 1¥:]

di ) ✗ = 125

f- 45%911%7--18]60



✓
Rz→ Rz-14/3 Ri

[ -45 60 ]0 0

Let ✗z=K

- 45K
,
-160k = 0

X
,
= 4g

K

✗ = { KI ;) ,
k ER}

ñ -

- 11¥ ]

v --1T¥ ¥,;]
A-- C : :]

AV = v2

[ I 371-45 451=18
,;]4/5 315

= 518 '

a]
-

- T : 1%118%1

=L : 1¥11: Ers]



COVARIANCE MATRIX

• Principle component analysis

°

Sample mean : M

Mean Deviation Form

Let [×
,
✗
z

. . . ✗ n] be a matrix

M= # (× , -1 Xzt . . . 1- ✗n)

Ik = ✗K - M

B= [ R
, Iz . . . In ]

S = 1 BIT,
positive
semi

N - l definite

012 . Find covariance of the following. Compute sample mean

and the covariance matrix

✗if;] ✗
a:[%) ✗if } ) ✗4--1? ]

Sample mean

m://IH.IM?H&DN--
4



¥11 :D
-

-1¥ ]

m=( ¥ ] sample mean

5

Subtract M from all vectors

B.=/ 12-5
4-5 7- 5 8 -5

- 4 2-4 8- 4 4-4)
1- 5 13-5 I -5 5-5

- 1 2 30 ]B=[¥
,

-2 4

8 -4 0

15=(-7-2-04)-2 8

2 4 -4
3 0

s= I BBT
4-1

s=§ /
-4 -1 2

so Effi
"

g)-2 -2 4
- 4 2 40 To3



0

[ 3,8 is 0

24 -24 ) :[ I É - s ]
0 -24 96 0 -8 32

0

f- covariance matrix :[
""

[
°"

s
- s ]

Sij V-i=j is called covariance of xi and xj

app : correlation b/w sets of vectors

013 . Find covariance matrix for the given dataset

a--111 ai-II.la:[i:/ ail :)
2

m= # [2+8+14+16]=415%1 :[§;]u -141-161-8

2-1261-2+10

8- 10 14-10 16 -10

]B :[ ¥-08 4-8 16-8 8-8
2- 10 26-10 2-10 10-10

4 6

13 =/ If
→

g o ] BT:|?
-4 - s

- 4 2 -4 16 ]-8 16 - g o 8 -

g

6 0 0



4
s 1¥,

- a

% ; !y:
-4 - s

: : :

ggg
, ,, yz o

" " " ]
72 96 -96

0 -96 384]
24 0

=

% :]
014 . Find covariance matrix for the vectors

✗if}] ✗ i-f.IT

m= :-[3%7--1=[17--15]

B-- [ 3-52-3 ? -5

4-3) =L? ? ] 15=[3-1]

s -- 1- [ 2,7137 ) = [ 4+42+22-12 1+1 ]

-1117



015 . The following table lists weights and heights of 5 boys

Boy # I # 2 #3 # 4 #5

Weight ( lbs) 120 125 125 135 145

Height Cin) 61 60 64 68 72

Find covariance matrix of the following data

sample mean

= :-( 1¥ ] -4%1+1%7 -1%1+1%7)

= :-[ 5%-1--1%0 ]

B =[ 120-130 125-130 125-130 135-130 145-130

61 -65 60-65 64-65 68 -65 72 -65 ]
B-
- [ If I,

5 I;] 15=1-10
-4

3 -5 -5

-5 -1 )5 3

15 7



⇐¥1 5¥31
" "
- 5 -5

÷ :/5 3

= 1-4 [ 100+251-25+25 -1225 40+251-5+15 -1105 ]401-251-5+15 -1105 16 -125+1+9+49

=

1-4 [ 400 190 ] = [ 100 47-5

190 100 475 25 ]

5- [ 100 475

47.5 as ]

016 . Construct SVD of A=[ Y Y 142]

A is a short matrix

A-- UEVT ⇒ AV= UC

AAT =/ I 4.14211¥
,
§ ) :[

333 81

81 117 ]

eigenvalues
333 -X 81

81 117,1

= 0

/



(1-33371×-117) - 812--0

d2 -450×+32400=0

✗ 1=360 d2=90

eigenvectors

d) d ,
= 360

[ 333-360 81
117-360 ] (g) :[ 8 ]81

[ -2g? If, ] R2→R2+3Ri , [ -027 Sgt ]
- 27×+81 y

= 0

✗ =3y

u
,

-

- [3/8]I /RO

di ) ✗2=90

[ 333-9081

£1117-9011;] -181

12¥? I ]Rz→RiY3Ri , / 2043 I ]
243kt fly = 0

✗ = 13J



ui-l://T.ro ]

0=13 /To
-yrio

yrio 3 /Fo )

E- 1%0 % 81=1%0 % :]

vi. at" -

-1%1111%1=1%0%1--1 '¥:]%

Fbo bro

vi. ñu. -

-1%91%1%1=12%1--11%1rao
14 -2 :÷310T

To find V3 :

[ 43 213 2/3
2/3 43 -213

] ( Xyz ) = [8)
Rz→Rz -2R ,

✓

[ 43 2/3 2/3 ]
0

- I - 2



-

y
- 22=0

y= -22
K - 42-122--0

✗ = 22

" 171

↳ =L :{%)
2/3 2/3

v. ftp.43?Yjfvt-- (¥3 43 -43 )1/3 -2/3
213 -2/3 213 -2/3 1/3

0=1316
-yrio

Yrio 3µg ] 8=16510 o

0 Sir 8 ]

A :[3/Fo
-yrio [ bro 00

YF0 3/Fo ) 0 3%0] / 1/3 2/3 2/3
2/3 43 -2/3
213 -2/3 Yz

]
U C VT



Qh . Compute SVD of A =

µ -12 ]
2 -2

A is tall matrix

a -11, : :] /
'

→ 1) =L :-& ]
2 -2

eigenvalues
9-✗ -9 = O
-

q a-✗

✗2- 18 ✗ = 0

✗ = 0 4=18

eigenvectors

is ✗ = 18

[ 9- Is
-q

- a a- is 1=[-1-4]
"→ 9-Riff -;]

Let g. = k ⇒ - 9x
,
-9k = 0 ⇒ x , = - k

"=/ 411 ,
• ER}

ñ :[-1%3--4



Lin e-0

[In
-

g)
"→ Rats [ §

-

f ]
let ✗

,
= K =) 9×1 -9k =O =) 7 , =L

" {4 ;] ,
KER }

E-
[
'

%, ] : "

" 1-1%1%3 it:[YI YI. ]

o
,
-

- = is =3r2
Oz = Ftz = To = O

g =/
3K o

: :]
AV ,

= 40, or V=

A¥



Av = U E

F :] [-1%7%-1%2] -

-

Shui

2 -2

a--1¥:]
find V24 Us through orthogonality

-

¥" + ¥y -2>-2--0 ⇒ ✗ =/ 4g
-22

]
ns :{yl;] -12W }

Using G.s process

a. =L :¥d
B-- i:] -ñq
= I ;) -

Hs 43 -4311111¥;]



--111-0--1 :]

g. =/ ¥7s ]
c. (F) -4343 -4713,11¥;]

- [airs Yrs 0

]f&J[H¥ ]
=L:] -¥1 :#1--81-1 :*
-

-1¥;-]
93=1%45 ]4hr45

5 / V45

u :( ¥ ? Hrs -alias )yrs 4 /V45
-2/3 0 5 / V45



A--

f. I ] 0=1%2 ;]
2 -2

-1/3 2hr5 -21545 JU:[ 2/3 ' / V5 4 /V45
-2/3 0 5 / V45

VT:[
- ' /V2 Yrz
yrs yr, ]

A = UEVT

[÷ -11=1-43 Hrs
-"

T.PE?JfYYr:YYrI2/3 I / V5 4 /V45
-2/3 0 5 / V45



018
. Compute xTAx for the following

(a) A :[40 ;] (b) A-- [ ?, ;]
(a) ✗TAX

[x y][ § g) [g)
= C" 5s [I;]

= 4×2 -13g
'

(b) cry ] [I ;] [ Ig]

= Ex g) [3×-29]-2×+7y

= 322 - 2xy - 2xyt7y2

= 3×2 +7y2 - 4xy

019
.

For x in R3
,
Let QCK) = 5742+3×22 -12×32 - xixztsxzxz

Write quadratic form as xtax

Ex
,
"
a
"
3
]

/
a bh F) [ If;]h

g f c

axftbxzl-cxzl-2hxplz-2fks.kz -12g ✗ 324



a- 5 2h = - I

h= -yz
2f=g

b.=3 f- = 4
8=0

c = 2

5 -42 0

A = [ '12 3 4)
0 4 2

020 . Let Qlx)= 3242+2×5+732 -1471712-1 4×2×3 .

Check if A is positive definite
.

a-fan ii. I
g f C

a =3 h --2

b-- 2 f- = 2
c-- I g--0

A=/
3 2

012 2 2

0 2 I

d) pivots

[
3

,
2g § ]

Rim-4%1 [
3 2 0

JR>→ Rs-3 ,Rz[
3 2 0

)2 2 0 2/3 2 0 2/3 2

0 2 I 0 0 ⑤
-red

i. not positive definite



021
.
Let Qtx) = 742-8×1×2 - 5×22

Compute Qcx) for

d) x :[? ] di > x=[;] Liii ) x=[;]
d) Qlx)--C-3)2- 8C-3)(1) - 545

= 9 + 24-5 = 28

Iii ) QC>c) = (2)
2
- 8 (2) C-2) - 51-25

= 4 + 32 - 20 = 16

Ciii) QCK) = (15-84×-3) - 51-35

= 1 + 24 - 45 = -20

022
. Compute Qcx) form xTAx for

a- 4:11
a. " 1¥;]

""

F;)
" "

=/ "¥;)
(a) [×

,
"
r
"3) (§ ? f) [ ¥;)



= [ 4×1+37, 3×11-272+23 "2-1×3] ( ¥§ }
= 421,2+37plz 1- 37,212 -1 2×22-172×3 t Xzxz-1×32

= 4×12+2×22 -1×32-1 624×2 -1 222N }

(b) "=

[ § )
QCK)= 4147+2471-25+6 (-27+21-5)

= 16 -121-25-12-10

= 21

(c) X

:[
YB
YB ]
'/V3

Qlx) = 41433 -12 (1/3)+(1/3) + 611/3) -121437

= 5

023
. Find SVD of the following

i > [ I, I ] " i > go
,
! ]

A = US VT



cis ATA =

[ I,
-

} ][ Is ! ]

= [ 16-19 16-9

16-9 16+9]

:[ 25 7 ]7 25

/ ATA -X -1-1=0

/ 25 -✗>
?

25-+1 = 0

✗2-50×+625-49=0

✗2-50×+576=0

Xi --32 ✗2--18 descending order

eigenvectors

(a) ( A-321)x = 0

µ 7
,/ R→m+%f} f)

Let E- K

- 7×1+71<=0 ⇒ x
,
-
- k ⇒ ✗ = { k[ ;) , KER}



* 1%3
(b) (A -181) ✗ = O

f} 3) "
→Riri

> [ } f)

⇐ 1-1%1

v -- [%. -1%1
a-- [ % %)

OT
-

- V32 = 452 oz = V18 =3 FL
AV = Us

[ Is 1) like -1%1=0 [4%0]352

4-- ¥ Avi =L [ 4¥ ] = I d)462

↳ =

¥ Ah
=

# [%] = [ Y ]



0=[6 910--1%8] " [ "raYrz ¥% ]

"

1:11
A is tall matrix

a -

- [ I °

, -171.6,

I
,
]

=L ; :]

eigenvalues

/ 2-to0 g-✗

= 0

✗ = 2 X =3

eigenvectors

(a) ✗ =3

[ to 8 ] -04+0=0
x
,
-

- o
⇒ x={k[ 9 ] >

KER}



if;]

(b) 11=2

1 : :]
✗2--0 ⇒ x={kff ] , KER }

ñ=[ 'o ]
v. [ °

,
is

9-- Fs oz=rz

AV = VE

← 1¥ :rz ]
a. =n¥

--1117191=111%1
V3



a- ¥
.

-1111%1=11%1
V2

[
'V3 I /V3 YB
Yrzo -yrz ](E) =L :]

[ I 1

, ☐ ;]
"""

> If I , till"y ]
-

y -22=0 K - 22+2--0

y= -22 ✗ = 2

"H
"E. IV3=/-216T

U =/
'

¥, Yrz Yrs
- 2hr6 ]Yrs % ilr



vi. [ 0, I ] • =L: :]

¥11T
""
0 -yrs / [§

°

yrz

""

or;) [ 9
'

o ]
yrs Yrb

A U 8 VT

024 . check if orthogonally diagonal isable

6 -2 -1 A = UDUT
A-- [ -2 6

- l

- l - l
5)

yes ,
-

.

'

it is symmetric

characteristic equation

-✗3+17×2 - (29+29+32) ✗ + 144--0

- ✗3+17×2 - 90×+144=0

X
,
=3 12=8 ✗3--6

eigenvectors

(a) ✗ = 8



[
2 -2
I, ]Rz→RiRj-2 -2 0 0 0 ]

-1 -1 -3 R3→R5YzR, [? ? z

-52-2=0 ⇒ 2=0

- 2k - 2k = 0

✗ = - k

x={k[To ] , leer }

i :(¥:)
(b) 11=6

-2 -1

y y y
,
] RFR ' > (} ?z ] Rs→R3-YzR ,

- l - l - l

✓

-2 o - I

{ 0 -2 -1) <R3→R3-Y2Rz (
-2 0 - I

0 -2 -1)
O O O O - I -42

-2g -k --0 ⇒ y=
-

izk



- 2x - k=O ⇒ ✗ = -13k

✗ =/ uff;) , leer }

i=1¥% ]2/ V6 3 -2 y
-2

4 { I
(c) ✗ =3

fi }
- i

- i - i
E)

null space : x={k[ f) ,
KER}

* I "¥%1

s --0=1%1
-

Yrs :*-yrs YB
0 218

°

:]D= / § 6

0 0 3



1162 0

g- = % -yrs 2hr6 )
453 YB YB

SDST :(¥22
-

Yrs Yrs
-Yrs yrs )( cos I 8)[

'V2
'1h 0

-yrs -yrs 2hr6 ]
0 2156 YB 0 0 3 453 YB YB


